Abstract. Let g = k + p be a complexified Cartan decomposition of a complex semisimple Lie algebra g and let K be the subgroup of the adjoint group of g corresponding to k. If H is an irreducible Harish-Chandra module of U (g), then H is completely determined by the finite-dimensional action of the centralizer U (g) K on any one fixed primary k component in H. This original approach of Harish-Chandra to a determination of all H has largely been abandoned because one knows very little about generators of U (g)
1. Introduction 1.1. Let g be a complex semisimple Lie algebra. The value taken by the Killing form, B, on w, z ∈ g will be denoted by (w, z). Let g = k + p (1.1) be a complexified Cartan decomposition and let θ be the corresponding complexified
Cartan involution. One has that [p, p] is an ideal of k (and p + [p, p] is an ideal of g).
We will assume that (1.1) is proper in the sense that
(1.2) (i.e., (1.1) arises from the Cartan decomposition of a real form of g without "compact components"). Let G be the adjoint group of g = Lie g and let K ⊂ G be the subgroup corresponding to k. Of course G has trivial center.
of finding generators is dealt with using Theorem 1.3 and a result of Harm Derksen.
We thank Hanspeter Kraft for making this observation.
1.2. The adjoint action of k ∈ K on z ∈ g will be denoted by k · z. If z ∈ g, then K · z is Zariski closed if and only if it is closed in the usual Hausdorff topology. Let
Cl g = {z ∈ g | K · z is closed}
For notational convenience we will put A = S(g) K . Also for notational convenience we identify S(g) with the algebra of polynomial functions on g where for any x, y ∈ g and m ∈ Z + , one has x m (y) = (x, y) m . Then A is the affine algebra of the affine variety V of all homomorphisms A → C, i.e., all closed points in Spec A. Then from invariant theory one knows
V identifies with the set of all closed K-orbits in g (1.4)
For any z ∈ Cl g we will let v z ∈ V be the point corresponding to K · z (1.5)
The symmetric algebra S(g) is filtered by the subspaces S m (g), m ∈ Z + , where
But then A is filtered by the subalgebras A m , m ∈ Z + , where we let A m be the subalgebra of A generated by S m (g)
Let V m be the affine variety corresponding to A m . The injection
Let Q (resp.Q m ) be the quotient field of A (resp.A m ) and let
Our main result is Theorem 1.1. The dominant morphism γ 2n is birational so that
In particular any h ∈ A is of the form
where f, g ∈ A 2n and of course g = 0.
1.3. Let z ∈ g be arbitrary. Then z can be uniquely written z = x + y, where x ∈ k and y ∈ p (1.13)
Let g(z) be the Lie subalgebra of g generated by x and y. We will use this notation throughout the paper.
In contrast to the closed K-orbits in g, consider the cone of K-unstable points in
is a (nilpotent) Lie algebra of nilpotent elements.
For a number of results about the nilcones of the actions of K, or rather K θ , (defined in (2.32) below) on multiple copies of p see [K-W] . Also see [P] . For the case we are considering here, Wallach raised the question for a determination of some value of m ∈ Z + with the property that N il K is given already by the homogeneous elements Subsequently, after an announcement of Theorem 1.3, it was pointed to us, by
Hanspeter Kraft, that Theorem 1.3 together with a result of Harm Derksen (see [D] )
implies that A = A r (1.14)
where r = 2n 2 dim p.
2. The proof of Theorems 1.1, 1.2 and 1.3 2.1. Let Φ = Φ(X, Y ) be the free Lie algebra, over C on two generators X, Y .
The Lie algebra Φ is naturally graded over Z + with homogeneous spaces Φ j . It is then clearly filtered by the subspaces Φ m , m ∈ Z + , where
Using notation introduced in §1 one then has a Lie algebra epimorphism,
The Lie subalgebra g(z) of g is filtered by the subspaces g m (z) where we put
Proposition 2.1. For any z ∈ g one has g n−1 (z) = g(z) (2.5)
The statement of the proposition is obviously true if dim g 1 (z) ≤ 1. We can therefore assume dim g 1 (z) = 2. We refer to the equality (2.6) as "stability at m". If one does not have stability at m, then clearly
But then nonstability at n − 1 yields the contradictory statement dim g n (z) > n = dim g. Hence one necessarily has stability at n − 1. QED
The following simple statement is important for us.
Proof. We only have to observe that f T,T ′ ∈ S 2n (g). The remainder follows from invariance of the Killing form and the fact that for W ∈ Φ, z ∈ g and k ∈ K,
Thus, by Proposition 2.1, z ∈ g K reg if and only if
As functions on g the entries of the
For any z ∈ g let K z be the stabilizer of z with respect to the adjoint action K
From the semisimplicity of g one then has
Then V K reg is a nonempty Zariski open (and hence dense) subset of V .
But since the Killing form is nonsingular on g it follows that Before constructing V * we will first establish certain properties of the restriction
We will prove that there exists an automorphism π of g, which commutes with θ such
Assume (2.18) is satisfied. For T ∈ Φ m and j = 1, . . . , d(n), let f T,j ∈ A 2n be defined by putting, for any w ∈ g,
We construct a linear isomorphism
as follows: Let w ∈ g. Then, by (2.10), there exists T ∈ Φ m (obviously not necessarily unique) such that ξ z (T ) = w. Define (to be shown to be well-defined)
To see that π is well-defined we have only to establish that if T ∈ Φ m , then
But one has
The same statement statement holds when z ′ replaces z. But then one has (2.23) so that the linear isomorphism π is well-defined noting also that
Lemma 2.6. π is a Lie algebra automorphism which also commutes with θ. That is, π stabilizes both k and p.
Proof. Let
Then the Jacobi identity immediately implies that u is a Lie subalgebra of g. Let w ∈ g be arbitrary. By (2.10) there exists T ∈ Φ n−1 such that ξ z (T ) = w.
Thus the Lie subalgebra u of g contains x and y. But then u = g since x and y generate g. Hence π is an automorphism. Now let m ≤ n where m ∈ Z + . Let
Then note that w ∈ k or p according as the number indices j such that t j = y is even or odd. It follows immediately that π stabilizes both k and p. QED We will next restrict γ 2n to a nonempty Zariski open subset V 1 of V K reg to guarantee that π is an inner automorphism.
One knows the degrees of the generators of S(g) G . The maximum degree is the Coxeter number of some simple component of g. This number is certainly less than n and hence
Let Γ be the quotient of the group Out g of outer automorphisms of g by the normal subgroup Inn g = G of inner automorphisms. The group Γ is finite. The image, in Γ, of any α ∈ Out g will be denoted by σ α . Clearly S(g) G is stable under the action of Out G on S(g). But this clearly defines a representation of
The following is well known but we will give a proof for completeness.
Lemma 2.7. The representation (2.27) is faithful.
Proof. Let α ∈ Out g and assume that α / ∈ Inn g. Let g ∈ G and put α ′ = Ad g • α. Then σ α = σ α ′ = 1. However g can be chosen so that α ′ stabilizes the Weyl chamber C of a split Cartan subalgebra of a split real form of g and α ′ |C does not reduce to the identity. However from Weyl group theory one knows that S(g) G separates the points of C. This proves that the image of σ α in (2.27) is not the identity.
QED
For any 1 = σ ∈ Γ choose f σ ∈ S(g) G such that f = f σ and let
putting F = 1 if Γ reduces to the identity. Obviously F ∈ S(g) G ⊂ A 2n . Let and assume that (2.18) is satisfied. Let π be the g-automorphism of Lemma 2.6. Then π is inner. That is, π = Ad g for some g ∈ G such that Ad g stabilizes both k and g.
Proof. If π is inner there is nothing to prove. Assume π is not inner and let 1 = σ ∈ Γ be defined by putting σ = σ π −1 . But by (2.25) one has
. This contradicts (2.31). Thus π is inner. QED
Let the notation be as in Lemma 2.8. We will now restrict γ 2n even further to finally guarantee that g ∈ K.
Taking notation from [K-R] let
K θ = {g ∈ G | Ad g stabilizes both k and p} (2.32) so that, in the notation of Lemma 2.8, g ∈ K θ . Obviously K ⊂ K θ . Let Out G k be the group of all automorphisms of k of the form Ad g|k for g ∈ K θ and let Inn k be the group of all inner automorphisms of k. Obviously Inn k is a normal subgroup of Out G k.
One knows that the quotient group Γ
The argument yielding (2.26) readily also implies
Also the natural action of Out G k on S(k) K descends to a representation
The argument establishing Lemma 2.7 is readily modified (to deal with the case where k is only reductive but not semisimple) so that one has Lemma 2.9. The representation (2.34) is faithful.
If Γ K reduces to the identity put F K = 1, otherwise let
and let Lemma 2.10. Let z, z ′ ∈ g * be such that
for all f ∈ A 2n . Let g ∈ G be given by Lemma 2.8 so that
and g ∈ K θ using the notation of (2.32). Then g ∈ K so that
proving the injectivity of (2.16) and as, noted in the beginning of §2.3, proving Theorem 1.1.
Proof. We first prove that Ad g|k ∈ Inn k. Assume this is not the case and let 1 = τ be the image of Ad g −1 |k in Γ K . Then, by (2.38),
But this contradicts (2.41) since F K (z) = 0. Hence there exists k ∈ K such that if 
in the subgroup of G corresponding to h it is then clear that b ∈ K and hence g ∈ K.
QED 2.4. In this section we will prove Theorem 1.2.
Let z ∈ g. Then one knows from invariant theory that K · z has a unique closed K-orbit in its closure (this is immediate from (1.4)). Consequently z ∈ N il K if and
Assume that z ∈ N il K and let k m ∈ K, m ∈ Z + , be a sequence such that k m · z converges to 0. But then recalling the decomposition (1.13) one must have that both k m · x and k m · y also converge to 0. But then obviously k m · w converges to 0 for any
w is nilpotent for any w ∈ g(z).
Conversely assume that every element in g(z) is nilpotent. Then there exists a Borel subalgebra b of g such that g(z) ⊂ n where n is the nilradical of b. Put
is a solvable subalgebra of g which is stable under θ, since θ is involutory. Moreover there exists a Cartan subalgebra h of g which is contained in s since the intersection of any two Borel subalgebras contains a Cartan subalgebra. Furthermore from Weyl group theory
is a Levi decomposition of s. But since g(z) is stable under θ one also has
But now there exists a regular semisimple element u ∈ h such that the spectrum of ad u|n is a set of positive numbers. In particular the spectrum of ad u|n ∩ n ′ is again strictly positive. Now let 
